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ABSTRACT
We present a population of 56 linear, two-dimensional elliptic partial
differential equations (PDEs) suitable for evaluating numerical methods and
software. Forty two of the PDEs are parameterized which allows much larger
populationsto bemade; 189 specific cases are presented here along with solu-

tions (some are only approximate). Many of the PDEs are artifically created
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so as to exhibit various mathematical behaviors of interest; the others are
3 taken from "real world" problems in various ways. The population has been
- structured by introducing measures of complexity of the operator, boundary

conditions, solution and problem., The PDEs are first presented in mathematical
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terms along with contour plots of the 189 specific solutions. Machine readable

descriptions are given in Part 2, MRC Technical Summary Report #2079; many of
the PDEs involve lengthy expressions and about a dozen involve extensive

tabulations of approximate solutions.
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’ SIGNIFICANCE AND EXPLANATION
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> A population of 56 linear, two-dimensional elliptic partial differential
equations is given. Forty two of them are parameterized and 189 specific

cases are presented in mathematical terms, with contour plots and in
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machine readable form. Some of the equations are very complicated and over

8800 lines are needed for the complete, machine readable definitions of the
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problems. The objective is to provide a population for the scientific evalua-

o
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tion of the effectiveness of numerical methods for solving such equations. %
The population has been structured by introducing complexity measures of é §
various problem features. It is anticipated that the structuring along with f %
the expandability (due to the parameterizations) will allow this population é £
E i
f§ to be and as the basis for statistical or systematic evaluations of numerical -
E . methods and/or software over a wide range of situations. 3 %
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A PQPULATION OF
LINEAR, SECOND ORDER, ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS
ON RECTANGULAR DOMAINS - PaART I
John R. Rice, Elias N, Houstis and Wayne R. Dyksen
1. INTRODUCTION

The motivation for creating this PDE population is for use in the evaluation
of numerical methods and PDE software. The need and rationale for a systematic
approach to such evaluations is given in [Rice, 1979], [Houstis and Rice, 1980},
[Crowder, Dembo and Mulvey, 1979]; it suffices here to say that a properly chosen
problem population is an essential ingredient for a sound evaluation of numerical
methods and software.

A useful population of PDEs is inevitably very lengthy and this one is no
exception as one sees from the last two appendices. Thus in the body of this paper
we discuss the sources of the PDEs, how they are described in the appendices and
how a structure has been created in the population through the use of guantitative
{but subjective) measures of features.

It is important that one be akle to createrelevant subpopulations as one
inevitably wants to evaluate methods for particular subclasses of PDEs (e.g.,
separable, with singularities or with mixed boundary conditions). Experience shows
that no one universal method is pest for all PDEs (even in this rather restricted
context) and one of the important tasks of research is to create and/or identify
methods that are especially efficient for particular classes of PDEs. Once one
embarks on such a task one sees that this population, which originally inight seem
large and bulky, is actually rather small for the uses to be made of it. It is
only the fact that it can be substantially expanded in various directions through
the parameterization that gives one hore that it is adequate for a wide variety of

evaluations.

Sponsored by the United States Army under Contract Nos. DAAG29-75-C-0024 and
DAAG29-80-C-0u41. This material is based upon work supported by the National
Science Foundatior under Grant Nos. MCS77-01408 and MCS79-01437.
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2. CHARACTERISTICS OF THE PROBLEMS.

N

A source parameter is assigned to each PDE which ranges from O {artificial

G

problem) to 100 (actual real world problem). This feature, as the others introduced

o

E later, is subjective in nature and the values given must be taken as approximate

[T

or
Yy

indications of our intuitive feelings. The PDE uxx+uy = 1 might be completely

artificial for one person and be the actual applications PDE for another. We have

I
i

L

at least tried to be consistant in these values.

!
s 1o

2.1l. Sources

P P AB Wb &

Many problems have been normalized so the maximum value of the solution is
1.0 and all have this value between .1 and 100. Many of the domains have been

standardized to the unit square, 0 < x,y < 1 . The sources of the PDEs are:

I i I m i (Y
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A. Problems used in previous studies. Nine problems are included which

I
i

were used by [Eisenstat and Schultz, 1973) or [Houstis et al, 1975 and 1978]. .

Subsets of this population have been used by [Houstis and Papatheodorou, 1977 and

1979] and [Lynch and Rice, 1978]. Some of these PDEs have had parameters added

b kR bl W b Bl et i A g R

and all have been normalized so the maximum value of the soclution is about 1.0.

TRy

B. Artifical Problems. Many problems have been created just to exnhibit

EFER
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various mathematical behaviors of interest (e.g. singularities, oscillations or

(1) choosing explicit functions which model the physical solutions and ther

't

= wave fronts). Such behaviors are important for theory or application (or both; =
= - . . PR =
E and one needs to have them present in the population in an easily identifiable %
= a ki
E ER
= manner. &
4 : . o 2.
C. Problems adapted from the "real world". A persistent difficulty is the ;
= desire to have PDEs which represent the "real world" and the necessity to know =
: 3
: their true solutions. Among the strategies to adapt real worldé problems we g
3
= have used: =0

L

determining appropriate boundary conditions and/or right side to male

A gl

this the true solution.
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(1i) using truncated series expansions (of high accuracy) with appropriate

. small modifications in the boundary conditions or right side.

(iii) solving nonlinear problems approximately, then substituting the

RO AL o R

tabulated numerical solution into the operator (using quadratic inter-

i

3 polation from a 10 by 10 grid) to obtain a linear problem which is, in N

I

= turn, solved approximately. In these cases the true solution is not :

'

known, but the machine readable nopulation contains tabulated values o

a hopefully accurate numerical solution.

2.2 Problem Features and Complexity Classifications. We identify as problem

features the smoothness and local variation of operatoxr, the boundary conditions an3

the solution. These features are quantified on a one-dimensional scale of ¢ to 13C

even though there are rather independent properties that can be called smoothness or

. local variation. These features are measured subjectively from the following de~

scriptions of the scale.

AT

Smoothness. This refers to the mathematical properties of the functions or

Wiy

involved.

operators Key points on the scale are:

00 entire functions or constants

A A

1C = analytic; very well behaved

I

30 = very smooth, some higher derivative (5 or so) discontinuity possikle

dweavedan Syl om0l

50 = still smooth, third derivative discontinuity possible

T D LA
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70 = not rough to the eye, but possibly only 1 continuous derivative

80

continuous, functions might be theoretically smooth but rough on

a gross scale

90 = possibly discontinuous, nearly singular functions or operators

pl
100 = strong singularities like 1/x or 1l/x° .

Local variation. This refers to how much a function changes (relative to

its size) in a small part of its domain. These variations might be oscillations,

wave fronts, peaks or boundary layers. Key points on the scale are:




very smooth, uniform

10 = mild variation, probably convex, some uon-uniformity, e.g.

sin(2x), e3x on [0,1] ‘

25

modest variation of oscillation; mild wave front or peak, e.g.

Loy g o

sin(6x), 1/(1+100x4) on [0,1]

LA

40 = considerable peak or oscillation; change of magnitude occurs within
: 10-15% of domain

‘ 60

sharp peaks, wave fronts, boundary layers or oscillations; 100% change
in magnitude occurs within 5% of domain

75

[

practically a discontinuity in magnitude; continuity observable only

with a fine scale examination
90 = actual discontinuity in magnitide; extreme oscillation, step functions,
E e.g. SIN(300x) on [0,1]
2 The overall problem complexity is represented by the average of the above
six feature measures. The problems in this population do not have complexities

exceeding 58 (onliy one exceeds 50), a level which might be interpreted as "rather

L BB s

messy with one or two substantial complications”, The problem feature measures

L

are included in the descriptions along with the source parameter.

Appendix 1 presents some summary information about the population. Tables

R

are given which

A. group the PDEs according to types of the operator and boundary conditions

(e.g. Helmholtz and Dirichlet or constant coefficients and mixed)

Ii M i
[ P

B. 1list the 56 PDEs with abbreviated feature descriptions
C. group the PDEs according to the smoothness of the operator and right side
D. group the PDEs according to the smoothness of the solution.

A figure is also given which displays the overall problem complexity for the 189

specific PLEs.




3. IORMAT OF PROBLEM DESCRIPTIONS

1

Appendix 2 contains a mathematical description of each PDE along with contour
plots for each specific instance included in the set of 189 PDEs. BAn example is
shown in Figure 1. The descriptioun begins with a problem number and source followed
by a mathematical description of the PDE, Then brief comments are given for the
operator, right side, boundary conditions, solution and parameters (if any). Some-
times functions aprearing in the mathematical description are defined in these
comments.

Four generic functions are used:

f£(x,v) = right side of PDE determined so that the given true solution is

correct,

£(x),gly) = right sides of boundary conditions determined so that the given

true solution is correct.

T(x,y) = the true solution, used in the coefficients of some PDEs derived
from nonlinear problems.
r{(x,y) = an approximate solution used in some PDEs whose true solution is

unknown.
Contour plots are given for one or more particular PDEs for each problem.
The border of the plots contains the following information:
(i) wvalues of the parameters
(ii) maximum and minimum values of the solution; the contours are equi-
spaced between these values.
(1i1) the classificaticn parameters in the form

s.p 01,92 Bl1.B2 S1.82

o
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source parameter

al = smoothness feature

P

a2

and o = 0 for the operator,

s for the solution.

problem complexity

local variation feature

B for the boundary contitions,

PROB 2 8 artifacial

("'“x)x + (\.my)y = 1 where w

-a
-}

{=1,1} % [-1.1]

if 0 < xy £ .5
otherwise

w105

DOMAIN ia
6C u=0 i,‘:\\\‘
TRUE un} nown e
Operator: Self-adjoint, discontinuous coefficients. *'a_
Right side: Constant oI
Boundary ccaditions: Dirichlet, homogeneous n
Solution: Approximate solutions given for a = 1, 1o, 5§§
100. Strong wave fronts for a >> 1. e

pParamcter: a adjusts size of discontinuity in operator

coefficients which introduces large, sharp jumps in e
solution. ot
Pace En
e o2 Lt i
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Figure 1. An example of the mathematical description of a PDE along with some

contours.

am

The machine readable description of the PDE population consists of two

files: EQNFIL and MACFIL. EQNFIL has 189 entries which are either complete
statements of the PDE in the ELLPACK language (see [Boisvert, Houstis and Rice,
1979]) or a reference to an entrxy in MACFIL with values given for parameters. See
Figure 2 for a short example. The informatior jiven starts with the problem number,
feature parameter values and a code for various attributes of the PDE which arve
used within the ELLPACK system. Then ELLPATK language ccde is given for the orer-
ator and boundary conditions; this code should be self explanatory once one sees
that UXX$ represents U etc. Finally, there is a Foriran rode for any functions
that appear in the operator, right side or boundary conditions. Thi~ latter ccde
averages about 20 lines and can be as much as 150 lines (excluding tables that are
part of some problems).

These descriptions are giver. in Part 2 of this report,

MRC Technical Summary Report No. 2079
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MACFIL entries are just like EQNFIL descriptions of a PDE except that the

places where parameter values are to be substituted are indicated by &2, &B, et

= .
_g A refers to the first parameter, B the second and so on. There are somewhat more
%g than 8500 lines in these two files.
EE
1 *EOR
= *EOF
3 SAGESSRANSANRNS
® PROBLEN 2 =
S eSS08AaNRRES
*EOR

000.04 000.00 004.05 010.02
2000200000020

TR0 DIMENSIONS

UXKS + (1.4YoYIUYYS — UXS — (1.+YeYIUYS = F(XN,Y)

MIXED

%=0. » MIXED = (10U + ( 1N = C.Z7eEXPLY)

X=1. » NIXED = (10U + (-1.0UX = 0.

¥=0. » HIXED = (10U +  1UY = 0.278EXF(X)

¥=1. » MINZD = (1.0U + (~1.0UY = 0.135%(ALOG(2.)=1.)e(XeX~-X)as2

-
.

-

1

1

e

2

2

2

2

3 FUNCTION TRUE(X,Y)
3 TRUE = 0.135¢(EXP(X+Y)+(XeX-X)@a2eAl OG(1.+YaY) 5
3 FETURN

3

3

3

3

3

3

EMD
FUNCTION F(X,Y)
F = 0.1358( (~4.eXoXoX+18. sXeX-14.4X+2. JSRLOG(1. +Yay)
$ - 2.a((XeX-X)esR)a(YeYsvanIey—1.) (1. 4YeY) )
e

SEOR

*EOF ;

S58205 8888080888

® PROBLEM 2 o

S809888anaeaanss

*EOR

SPARALETER SET  1(F=1.5)

. ©00.43  090.50 000.00  070.40

EXPAND 3/1.5/

*EOR

*PARAIETER STT  2(A=2.5)

° 000.35 030.50  000.00  060.20

EXPANG 3/2.57

SEOR

SPARAIMETER SET  3(A=3.5)
il 022.28 070.30 000.00 050.1S

EXPANMD 3/3.

*EOR

SPARNIEETER SET  4(R=4.5)

- 000.23 055.20 000.00 ¢40.20
EXPAND 3/4.57

2=

form and a reference to a similar description in MACFIL
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Figure 2. A sample from EQNFIL showing a short PDE description in machine rcacda.l:
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APPENDIX ONE:

e T T Y

TABULATIONS OF POPULATION CHARACTERISTICS

Table 1

Classifications of Problems
According to Operator and Boundary Conditions

Operator

Constant Coeflicients

Non-Constant Coeflicients

Dirichlet

Neumann

Mixed

Dirichlet

Neumann

Mixed

Laplace

3, 4, 7,
8, 10, 11,
iv, 33, 34,
35, 47, 50

4, 31, 35,
38, 55

Helmholtz
Type

9, 41, 53

8, 20, 39,
44, 45, 48,
49

Self-Adjoint

1, 13, 22,
25, 28, 54

1, 19, 23,
52

General

14, 48

42

43

have boundary conditions of the form

utauy=g

and hence have Dirichlet boundary conditions for a=0.

12, 15, 186,
18, 21, 26,
27, 29, 30,
32, 36, 37,
56

PRSI

S “ 1

2, 23, 24,
40, 51

Note that problems 1, 4, and 35 appear in two places in the table since they




Table 2
Problem Characteristics
The principal characteristics are tabulated below using the following
encodings:
A Analytic N Neumann Boundary Condition
BL Boundary Layer NS Nearly Singular
C Constant (coefficients) 0 Oscillatory
CC Computationally Complex P Parameterized or Peaked
D Dirichlet Boundary Condition S Singular (infinite)
E Entire SD Singular Derivative = :
H Homogeneous U Unknown | v
J Jump Discontinuity VS Variable Smoothness i :
M Mixed Boundary Condition WF Wave Front B
Problem o ¢ Right Solution Boundary D .
Number perator Side Conditions omain
5 ) 1P A E E M Unit Square ,
= 2 E A A M,H Unit Square ;
= 3P C S.SD S,SD D,H Unit Square ; 3
4P C E E M Unit Square :
i 5P C E E D,H Unit Square :
é B E,NS A A0 D,H Unit Square ;
: 7 c C SD D,H Unit Square
{ 8P c SD SD,WF D Unit Square :
: 9P C,NS E,NS E.BL D Unit Square :
10P C E,P E.P D.H Unit Square ;
11P c A0 A0 D Unit Square '
3 12P E,0 E.O E.O D Unit Square i ,
13 J S SD D Unit Square M
B 14P C S S D Unit Square ? 3
= & 15P ANS S SD D Unit Square ; ;
= 1 18P A, NS C U,BL D,H Variable Square S
L § 17P C A,NS A NS,WF D Unit Square 3
e 18P E ANS A NS, WF D Unit Square | 3
£ 19P S S E M.H Square § 3
3 20P NS,P,CC P E.P D Rectangle | 3
E 21 E E E D Unit Square z &
22 SD S E D Unit Square | Z
23P SD Sb SD,WF M,H Unit Square 3
24P S.NS S,NS U,P M. H Square i %
25P | SD S E D.H Unit Square | -
%




Table 2

Problem Characteristics

. ]
LT A R

il

Problem 0 t Right Solution Boundary D .

Number perator Side Conditions omain
28P A A U,SD D,H Variable Square
27 ANS c U,BL D,H Square
28P J C U,WF D,H Square
29P S H U,VS,BL D Unit Square
30P A,CC A,CC A,NS D Unit Square
31 C c E.(SD) M Square
32 A A E D,H Rectangle
33 C E E,0 D Rectangle
34 C C E.(SD) D Square
35P C H E,0,BL M Square
36P S S A,BL J Unit Square
37 E E E D Unit fiquare
38P Cc H E,0,VS D Rectangle
39pP CC,S CC,S U,BL b,C Unit Square
40P E A A M Unit Square
41P C,NS SD,NS SD D,H Square
42P C H AC N Variable Rectangle
43 c H E M Square
44P cC ccC U.BL D,H Unit Square
45P C,NS H U,BL D Unit Square
48P C,NS H U,BL D Variable Rectangle
47P C S SD,VS D Unit Square
48P cC cC U u Unit Square
49P cC cc U,SD,BL D.C Unit Square
50 c H E,0 D Rectangle
51P S c U,SD,WF M,H Unit Square
52P cC H U,0 M,C Unit Square
53P C.,NS EO E,O0 D Unit Square
54P E,CC S,CC SD,VS D Unit Square
55P C H S,VS,BL M Rectangle
56P S ccC U,0,(SD) M Rectangle
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Table 3

Classifications of Problems
According to Smoothness of the Operator and Right-Side

(A=Analytic; C=Constants; CC=Computationally Compli-
cated; DD=Discontinuous Derivatives; E=Entire;
O=0scillatory; P=Peak; S=Singular)

Smocthness

Operator Right-Side

Problem Numbers

C c
c E
c A
c DD
C S
c 0
C P
E E
E A
E S
A C
A E
A A
A S
DD C
DD DD
DD S
S C
S S
0 A
0 0
c cC
S cC
cC C
cc P
cC cC

7. 31, 34, 35, 38, 42, 43, 45, 48, 50, 55
4,5, 9, 10, 33, 53
11, 17

3, 8,41

3, 14, 47

6, 11, 53

10

12, 21, 37

2, 8, 18, 40

54

18, 27

1

286, 30, 32

15

28

13, 23, 25

22,25

29, 51, 58

19, 24, 36

6

12

17, 18

56

52

20

30, 30, 44, 48, 49, 54
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Table 4

Classifications of Problems
According to Smoothness of the Solution

Solution Smoothness

Problem Numbers

Entire

Analytic

Singular Derivatives
Oscillatory

Wave Front
Discontinuous Derivatives
Singular

Boundary Layer

Peak

Tabled Soiution

1, 4, 5, 9, 10, 12, 19, 20, 21, 22,
25, 31, 32, 33, 34, 35, 37, 38, 43, 50,
53
2, 8,11, 17, 18, 30, 386, 40, 42
3, 7,13, 14, 15, 41, 47, 51, 54, 56
6, 11, 12, 33, 35, 38, 42, 50, 53, 56
8,17, 18, 23, 28, 51
8, 23
54, 55
7. 9, 15, 18, 27, 29, 44, 45, 486, 49
10, 20, 24

18, 24, 26, 27, 28, 29, 39, 44, 45, 48,
48, 49, 51, 52
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Diri chlei:—, homogeneous
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justs singularity strength

MATHEMATICAL DESCRIPTIO

© XM 0000°  SNIW
007000 _0S7080 _SE° 000 S3uH3

Mixed except for «

Entire, independent of «a.

+ (e-xyu) ~-u/(l + x+y)=f¢f
‘Y). [o4

Artificial {7,12,13]
Artificial [12,13]}

.
.

N g
.75¢™ sin (mx)sin (1y)

N
+
135 ¢ (2 - x)%log(l + y
Mixed

introduces normal derivative into

boundary conditions.
u

0
a/2
singular for o < 3

Analytic

Entire

Self-adjoint, analytic
-x)(y

l<a<5 ad

Entire

Analvtic
None

Laplace

a

APPENDIX TWO:
X X
XX

e¥u )
u + au
unit square

DOMAIN unit square

BC

u
u
u

<

Boundary condition

Boundary conditions
PROB 3 Artificial [13}

DOMAIN unit square

Boundary conditions
BC

TRUE
Operator
Right side
Solution
Parameter
TRUE
Operator:
Right side:
Solution
Parameter
Operator
Right side
Parameter:

DOMAIN
BC
TRUE c (xa/Z

et e
f e kol
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i Sy A A T e ot




Akl

T
Bl

A

My,

7 NI A O )

e

PROB 4 atificial (7,12,13]
u +

u = oxy eX+y(x}' +x+y -3
XX vy
DOMAIN unit square 5
8C u=9 for x#O;u-a(y—y)ux=g for x=0
TRUE

BeX+y(x - x2) (y - y2)

Operator: Laplace

Right side: Entire

Boundary conditions: Mixed except for a = 0
Solution: Entire, independent of «

Parameter: a introduces normal derivative into

400 K KD 000 K

A1 1 1 'l
EATURES: 000.02 004%.00 000,00 .

.0000 HAX= ST 006.00

4
boundary conditions g T . s
.00 200 400 1.000
PROBLEN S- 1
- g (/=0.0)
PROB 5 artificial [13,14] 8
qu _+u_ -aou-=f 8. g
XX J X
DOMAIN unit square é
BC u=20 8 g%
2
TRUE ,,2 _ x) (cos (2my) - 1) N G ;),‘.
&
Operator: Constant coefficient, separable 3.1 i "‘
Right side: Entire S
Boundary conditions: Dirichlet, homogeneous 1 %g
Parameter: a makes operator more singular without g
affecting solution Ey
T
PROB 6 Stratospheric physics [13,14,16] R
u +u - (100 +cos(2nx) + sin(3ny)ju = £ 3
XX YY
DOMAIN unit square 8m
BC u=0 §§
TRUE 5 4 o
-0.31(5.4-cos (47x))sin(7x) (y -y) (5.4-cos (47y) ) (1/ (14 )-,5)»§ §§
2
¢ = 4(x~-.52+4(y-.5) o
o
Operator: Entire, oscillatory, somewhat singular §g
Right side: Analytic g.
Boundary conditions: ©Dirichlet, homogeneous =
Parameter: None § r . o
000 <220 A0 1.000
PROBLEN 7
PROB 7 ~urio v : —.
+ = o
ux)v: uyy 8] 118
DOMAIN unit square \ 8,5
8C u=20 o | ! g2
TRUE Approximate series solution gives 10 ~ accuracly. e,
»
Operator: Laplace 8 i } 3%
Right side: Constant 2
Boundary condition: Dirichlet, homogeneous \ ] 83
3olution: Has logarithmic singularities at corners 1n 8, /l 29
second derivatives; approximate solution is a L_"/’/ S..
polynomial. 8 2
M ..!Il) -b R .‘lﬂ 1.000

nNone
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PROB 10 arificial 13
u_+u =f
xx © lyy

PROBLEM 10- 1
{R=10.0. B=0.5)

T W R IO

i
DOMAIN unit square
BC u=0 ) 2 g
- - + (y~- 2 2 .
TRUE e al (x-.5) "+ (y-8) l(x - -y
Operator: Laplace ) g
Right side: Strongly peaked if « large, but entire.
Boundary condition: Dirichlet, homogeneous
Solution: Strongly peaked for large a. i
Parameters: «a adjusts strength of the peak, B8 moves
it in the y-direction. 8
‘wm am
PROBLEN 10- 2 - -
8 (A6.0. B0°5) 8 TRh 0. 3:0.5) 8 Rroots 0, B=0.5)
i=3
) 1
8§ 8.
L g8 g
2, 2, o
> > - 1
88 " £E "y g%
o o ] %
g .
L . s
B2 s
| , —r , bz 8§ , , , , § ]
<0 0 - - m 10w 0 ™ - = 0 ™ ™ ~m 1m0
PROBLE 5
Rogb00.0. 820.5) g (RoTboD. Be0o17) g (AbD. B0 17
e i R
5 "1 84 §
2w 8
5 14
B2 g a1 g8s
‘ , : i) S
> > ]
i 8. BE g 13
w0
: (= '
% 8 s
fed =t
| I . N | I - § | &4
}™ m» - m m m ™ m» = o= m 1w oo 1.0
PROGLEM 10- 8
(A=100.0, B:0.117) g (Ras00.0, Bd.117) gw_é‘f‘é&.m,
% g ls
o .
5 g § g 8
8 Big 2
g d 254
g8 ga ga
i 8. .
S'é > g-u ©
k2 * i
g ] g& 8, g
& & 8
g .
5 ) s
44 [
5' 6 Su g
; & g =X 52
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PROB 11 ~eirici :

u + 1 = f il
ple vy

DOMAIN unit square
BC u=g ]
TRUE  nletx -y + 2%/ + (x -~y + 2 .

Operator: Laplace

Right side: Oscillatory, analytic
Boundary conditions: Dirichlet 8
Solution: Oscillatory

Parameter: a adjusts frequency of oscillations

000 X0
i3 1
N
N O
‘\\\ NN
o e s - e e
FEATURES ¢ A0 006.2%
MIN-  -1.0000 X 1.0000
R Y P A R PR TN

8

E_ B 480 E 1.0 o0

PROB 12 rcificia

+ i - =
u + uyy 1+ s:u'n(mx))ux cosf{ay)u = £

;-é
DOMAIN unit square ?_
BC u=g é
TRUE cos(By) + sin B{(x - y) =

ity

Operator: Oscillatory, Laplacian plus lower terms

Right side: Oscillatory, analytic

Boundary conditions: Dirichlet

Solution: Oscillatory, entire

Parameter: a adjusts oscillation in PDE coefficients.
B adjust oscillation in the solution.

i

R R

SROBLEM 12- 1 PROBLEM 12- “ROB.EM 12- & PROBLEN 12- 2 PROBLEM 12- § oRO3.EM j2- ’
B iRPI. BPL)  (RE10.0, B=PI: :A:20.0. B:Pl:  § (A:PY, B:10.Q) {A10.0, 821003 8 g 0. Ba2e.C)

N\

\!
et

7
)

3

718

(

a1

\
3
l,n

1.9966
00U
00

FEATURES: 000.12 006.30 000,

Al
‘}\\‘:‘
3
I

S

|
i

2
\

\(h
N

X

- N
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PROB 13 artificial

O —
((L + (x - .4)"_ux)x + uyy = f
DOMAIN unit square

8C u=g , i
s -V
TRUE | n(x+.3,.74.5 (5. 334 (x-.4) 2/ (14x2) ] (1= (y=1) 2 7Y)

Operator: Self-adjoint, discontinuous coefficients.
Right side: Line of singularities along x = 0.4
Boundary conditions: Dirichlet

Solution: Derivative in x 1s singular.
Parameter: None

PROB 14 »::iticia

u + 2u +3u ~-4u -~u=f
xx Yy x b4

DOMAIN unit sauare

BC u=0, y=0; u=y, x=0; u=g, x=1; u=1-.8a+a|x-.8] for y=1.
TRUE 2=~ - -
y(1-.8a“7Y +ulx-.8|2 Yy 4 xye Yy - 1)

b 23
Operator: Constant coefficients il
Right side: Line of singularities at x = .8
Boundary conditions: Dirichlet, discontinuous derivative g
Solution: Line of singularities of variable strength
along x = .8.
Parameter: a adjusts strength of the singularity L
PROBLEN 14- 2 PROBLEM 14- 3
Q_ngn.n 1.9 g .4}
g 8
£ 8. g §
8.%8.
v i e
8 _ 2,8
»
Q._ B. §§§
/ g §
|§ g
=4y =
N 8 : =3
g =™ - ™ - - - ‘ - -
PROBLEN 15~ 2 PROBUEN 1S- 4
) ) § iRl .1} (R=0.2, 8:2,5, C=0.0M)
pROB 15 Artificial = ‘
u + u +a/{ly +v)u = ¢ g 8
xx vy /Ay ) v g / |§ g
DOMAIN unit square Bm 8
BC “ =g . gks
TRUE g 2 2 2 N
[y + cos(xy™) - 1)1x“(x - 1) . g 8
izrator: Laplace plus nearly singular derivative term 8. § Z
+::ht side: fingularity in 8 -} y~derivative, nearly i':. ]
singular for small .. § 8
{ brandary conditions: Dirichler & l:;’g‘;
s 2lution: B . :0, derivative singular. & &
{ i arameters: >r singularity, 2 adjusts g ‘:;‘:!!.E
g mrelated ity in solution. ™) : « = m aam

T e e
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PROB 16 Tension in a spring [3] 2

500 2 1 e N

u_tu -————— gy = -1 L \
= xx * %y T 1 - 250y Yy T TV : \ i
. DOMAIN [0,8] x [0,8) / | &=
= . g ! \ B
= BC u=20 B4 VoL
= TRUE unknown .l |
; =t
Operator: Laplace plus nearly singular u_ term. CA | :
Riy. * side: Constant, domain dependent. { H
Boundary conditions: Dirichlet, homogeneous =
Solution: Approximate solutions given for B8 =1, 10.

Parameter: 2 adjusts the size of the domain and right

side.
PROB 17 :cificia
uxx + uyy =f
DOMAIN unit square
BC u=g
TRUE

2 PR | 3442
LY #(@(80)7/(+ (Bx) )7 sin(x - y + .5)
Orerator: Laplace
Right side: Large values for x near .15
Boundary conditions: Dirichlet
Solution: Sharpr wave front near x = .15, entire.
Parameters: 2, & adjust the strength and shape of the

wave front.

¢ 2.0 = e . wax ;g;
. - PROBLE 17- n 18- 3 i
| i‘";:m;'g," éz.é"};‘ ) ?ag%; 62-2-(‘” g P%:&g.g,.‘ éZa.gn R ':g‘.g. 3?5.%: g§ (a=5.0. ézs.gg N ?&;? 32.5; =
= - } -t 7 s
22 S 2 g g
: o oS / 5 / ;8‘ s
g FSq 8 oA g s
; 88 8 By &
: §'§§' / SFS Al e /§§g
J s =\ /
] TN &2 N\ -
> gES™ | go> \ igEe
ch °g A\ £ts
- s g \\/ & 3 \ ’ e s
i = F3 \ S g
i =t P\VEAE
* o va \‘\ §n-23 'r"\l\‘\\/‘ ,f'{ W=
P EE VAL = x:
0w N BEEg N S REL S S =
X . 0 X E 4 F__J 1.98C E E. X X ] A0C 1. E_ 4 k4 g X E__3 . 4

&

b
-x
u + (1 + xv)u + cos(x)u - e "u +3u = I
X Y
DOMAIN unit sguare
BC u=g
TRUE 2 a0y 3 Ay 3,42
-V +{as + > 4 .
e fy"+(a(8x)"/(1+(8x) 7)) 7] + sin(x - v + .5)
Coerator: Entire
right side: Large values for x near .15
Soundary conditions: Dirichlet
Solution: Sharp wave front near x = .15, entire.
Solution if the same ac in the preceding problem.
rarameters: -, iy e v *rength and shape of the
wave fron-.
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PROB 19 Nonlinear laminar, non-~Newtonian flow [1}

wa) + (wu) =f£, w= [1°+ 7%
x % Yy x "y
DOMAIN [.5,1) x [.5,1]

BC u=0 for x,y=1; u =0 for x=.5, u =0 for y=.5 8
TRUE sin(ax)sin(my) Y 1

Cperator: Self-adjoint, possibly singqular.

Right side: Possibly sinqular.

Boundary conditions: Mixed, homogeneous.

Solution: Entire, T similar to that of non-linear
problemn.

Parameter: -~.5 < a <1 is a physical parameter.

PROB 20 u!-‘ro;ﬁ#u;x "V ™Y
XX

~wu=f, w=e

DOMAIN {o,.s51 x [0,.75]
BC u=g

2 -
TRUE |, (x)c(y) + a where ¢ (x) e 100(x=-5)" 2 oy

Operator: Heimholtz type, approximates nonlinear ‘
operator.

Right side: Sharp, large values ness. x = y = .5.
Beundary conditions: Dirichlet, homogeneous.
Solution: T _has a peak at x =y = .5.
Parameter: a adjusts singularity of operator. |

[

[ 1+ £

o

PROB 21 atificial

Auxx+auxy+myy=f,a=c=1+'r2,B=-2T2 ]
DOMAIN unit square

BC u=g ¢
TRUE XY 4

= -
Operator: Entire, has mixed derivative term. ?
Right side: Entire -
Boundary conditions: Dirichlet

Solution: T is entire g
Parameter: None

T N

r'/

%o od.do %o 49 %

V’M
1 (MK 13

atodiy aom.
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P ROB 2 2 Elastic-plastic torsion [15] I:& z

wiu +u ) +wu +wu =f, w defined below
xX Yy x x YY

TRUE 15 06 + 3.62(x2 + )1 (x% - 1) (¥2 - 1) 4

Operator: Expanded form of self-adjust problem. discon-
tinuous coefficients. w = 1/7996 if A < .0025

w = 1/(236 + 19.4/a) if A > .0025 where A =
fight side: Singular

Scundary conditions: Dirichlet

Solution: T 1is a guartic polynomial

Parameter: lione

"
" o
o

AP

DOMAIN unit square l’_\
8C u=g \b—\
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PROBLEM 23- 1
g (R=387.75, 8250.0. C=1.

PROBE@NOnlinear laminar, non-Newtonian flow [1]

) +wu +wu =£f, see below for w

Yy

+u
XX vy Xy

DOMAIN unit square
BC u_=0,x=0,1; u=2cos(mx) for y=0; u=cos(mx) for y=l.

TRUE (w(y) + l)cos(nx) where ¢(y) =1 for

y<.5~-8 =0 for y> .5+6 and ¢(y) is a
gquintic polynomial for .5 -8 <y < .5+38 so vy
has two continuous derivatives.

w(u

Operator: Expanded from self-adjoint problem, analytic.
Right side: Analytic

Boundary conditions: Mixed

Solution: Has jumps in third y-derivatives.
Parameters: Three cases for w given in terms of
A = Ti+T;‘;,c=1. w=1/(a + BA)
c =2, w= e[A/(“+BA)]/A
¢ = 3. w = otanh(BA)/A
Physical parameters a,B of (387.7%,50) and

(554.5,.544) have been used in practice.

PROBLEM 2

3- 2
=0.10) B (A=554.5, B=0.554..C=1, §=0.10)

PREBLEM 23- 3
(R=387.75, 8256.0, C=2, P=0.15)

- r - r 7 - i
| 2 ‘ 2 ‘ &
2 = 2
l 5 & | S & E &
= x|
= 0%
] 53 4l % e ) 82
P-u [~ * 1 //'é
o > x > oy
g B, B8, . g2
, A - 4 4 \ | {
| i &
g, | % 5 % g Ll B
LN
= ‘ 2, ! R N
gl L L1 L el L LLIl L B bl R
o0 20 w o 0 1.0 oo 20 R I ) M0 L0 o™ e ‘m %0 R
-y PROBLEN 23- PROBLE 23-
§_(R=554.5, B=0,554,,C=2, =0.15) §.(8=387. 75.850.0. -3.pceo) §.(Azssy 5. 5055«._c3 §30.20%
i g [ g -
(=3
g E g 5 . | g
S P I8
§ 2 f =8
a'_ g 5§“; a._‘ / o
2 e 2
‘o AT / Ve lsd
' 1 gg | ! D 'S
i) g 5 % | % B
¥ fi s L i
S i ! i : i :-é
g g e i g ! l i s
“om 200 o £ 1,00 200 'w 60 100 o0 20 e . _';n Je'ac e

=

B
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pROB‘Zl;?iFnction in a bran- snoe [3)

3

u tu = a =yh /h7, h = sin(anxy)

xX vy h
DOMAIN [.1,1] x [.1,1]
8C Bu + ux + uy =0
TRUE

Unknown

Operator: Laplacian plus ux term which is possibly
singular. _
Right side: Analytic, possibly nearly singular.
Boundary conditions: Mixed, homogeneous.
Solution: Approximate solutions given for 8 cases.
Parameters: a,R and Yy are physical parameters,
1. a= .25 = 100 Yy = =-.1
2. a = .25 1000 =
3. = .5
. = .5

Y
=1 Y
= 10 Y
=1 Y
= 10 Y
= Y

Y

DD ®D® DB

PROBLEM 24- 3 PROBLEN 24~ 4
3 {#=0.50, B=1,, C=-0.01? g (R=0.50, 8210.., €=-0,10}

PROBLEM 24- 1

§ (R=0.35, B2100., C=-0.101

005,00 015.30
= SN

015.10

MAX

-3.7806

k™
PROBLEM 24- 2

T
0

BJ

g

4
FEATURES: 007.13
NIN=z

1 {R=0.25. B-1000.. C=-0.10)

-.2418

FERTURES: 007.03 015.10 005.00 010.1S

MIR=

- T T
J4 290 0
X

PROBLEN 24- §
g (A=1.00, B=1.. Cs-0.10)

T

g

005.00 010.00
8.4624

015.10
MAX=

PROBLEM 24- 6 PROBLEM 24- 7
{R=1.00, 8=10,. C=-0.10)

B FEATORES T 007.07
MiN=  -.1993

g (A=1.00., 8=100., C=-1.00)

015.10 005.00 010,00
2.1311

PRX=

-. 0646

<

FERTURES: 007.1% 015.10 005.00 015,37

MIN:

3.7

-2.3603

B FERTURES: 007.07
MHIN=

005.00 010.20

2.6180

x

FERTURES: 007.10 015.10
-.5202

HINx

g




PROB 25 Artificial
a o a-1 a- o
—xuxx-yuyy—ax u, - oy uy+(xy)u £
DOMAIN unit square
BC u=0
TRUE 3eXY (x - x2) vy - Y2)

Operator: Variable swmoothness, expanded self-adjoint

Right side: Variable smoothness

Boundary conditions: Dirichlet, homogeneous

Solution: Entire, does not depend cn parameter «

Parameter: o affects smoothness of operator and right
side without affecting solution.

PROB 26 Viscous flow [3]

_ 2,3 2.2
uxx+uyy+Aux_ 60ax/B where B=(a+x") , A=6x(1+x") /B

DOMAIN [0,a] x [0,a]

8C u=0

TRUE unknown

Operator: Laplacian plus u_ term. For o =1 it is
expansion of a self-adjoin§ operator.

Right side: BAnalytic

Boundary conditions: Dirichlet, homogeneous

Solution: Approximate solutions found for o = 1,5
and 10.

Parameter: o 1is a physical parameter adjusting the
domain and entering the coefficients.

PROBLEM 26~ 1 PROBLEN 26-
(R=11 g (R=S] w2

.00 D06.05
ST

X

FEATURES: 000.19 065.40 000
.0000

HIN

PROBLEM 26- 3
fR=10)

-

-

__|

800.00 010,02

1.1585

N

007.09 010.00
MAX.

.0000
.0000

FERTURES 3

MIN=
MIN

000.00 013,02

1.0380

030.00
MAX=z

0000

FERTURES : 008.09

MIN

g FERTURES: 007.03 010.00 000.00 005.02

ol

|
n
8
8

-

Distribution of A:ffug.d nartic-les [3)
PROB 27 o=+

5
u o+ = + = + = {(cot y) a, = -100
xx X °x 2 Yy 2 ' 11 Yy
DOMAIN  (.1,1) x {.1,1)

BC a=0

TRUE unkrown

Cperator: Nearly singular, analytic

Right side: Constant

Boundary conditions: Dirichlet, homogeneous
Solutisn- Approximate ~1 i~ =iven,

Para:’v"f'* N T3

o
e
8

026.40
6.7917

0000

i FEATURES: 007.13  015.05 000,00
HIN=

TS

it 0 B et Y i AR o il S8 0 0L

ikt




PROB 2_8 Artificial

= £ (wux) 4 (wau) =1 where w=2a if 0 < x,¥ 2 .5 [8
4 X Yy = 1 otherwise g
= ¢ lpoMAIN  [-1,1] x [-1,1] % |
S | :e u=0 8'§
1 TRUE unknown g%
§ Operator: Self-adjoint, discontinuous coefficients. 8,
3 Right side: Constant F
= Boundary conditions: Dirichlet, homogeneous -~
E Solution: Approximate solutions given for « 1, 10, gg,,
= 100. Strong wave fronts for a >> l. 5%
: parameter: a adjusts size of discontinuity in operator g‘
coefficients which introduces large, sharp jumps in =
solution. mi:‘
PROBLEN 28~ 2 - .
g (R=10.) i gl"éﬁ%ﬁ’h” ? " N
2 8 | 8
o 3 .
s & g g g
8w 8uv 8
2 A ]
6 ol 8 ol g
8, 2, - g,
F g_ 8 B¢
8 8 2
82 8 '
- ' &
.0 - 800 -.200 X 200 400 1000 5000 - 400 =200 X 200 00 1,000 Tom X K 0 ?ol;a
- PROBLEH 29- 2
PROB 29 ical i L L . -
Many physical interpretations [10] T S
; u +u + g u =0 o
Xxx YY Y Y g =
: |DOMAIN unit square ) 2
. |sc u= & - y)/a §8
TRUE anknown & -
. | Operctor: Laplace plus singular u_ term. - 8,
: Right side: Homogeneous Y 8 g
Boundary conditions: Dirichlet V / / 4
Solution: Five approximate solutions given, some are §§
difficult. & =G
parameter: o changes physical application: a =1, gT
potentials; « = -1 streamlines; a = 3, torsion 8 a2
and o = -3 or 5, stresses. T aw . e
PROBLEM 29- 3 PROBLEM 29- 4 PROBLEN 20- §
(Rz1.) N o B (A=3.) g (R=5.)
; ) & 2
S :
1 1 s g S
: = Bm
: 38 S
, g & 1l g
, g, g,
1 8 :
538 &
8 8
8 %Q 8. §.’:
ey &
Ell §"
g-_s—;:—;-—rc—‘_: _.'.4 g.. =~ QE g- g;
"o 20 w0 =) o™ ww .om b ) o 1o

LT T DDA T I £




PROB 30 Artificial

[2+(y-1)e y Ju * 1+ lu +y[x(x-1)+(y=.3) (6-.7) ]u

12x)® VY =f
DOMAIN unit square

u=g4g
4
+ (y-1) (1+x)e + ¥ (x+y)cos(xy)

Operator: Coefficients may be widely varying, singular.

Right side: Complicated behavior

Boundary conditions: Dirichlet

Solution: Complicated behavior, with wave fronts. etc.

Parameters: o, B, Y adjust the contribution of 3
independent complexities of the problem.

PROBLEN 30- 2 PROBLEN 30- 3
8 (A=1.0. Bz2.0, C=0.5) _ § (A=23.0. B:2.0, C=1.0)

M=
MAX=

00b.16 010.%0 D00.00 010.35
0295
7.3423

+ 000.19 035,30 T 000.00 030.2%

t 000.06 006.10

FERTURE!
HIN= .

FERTURES :
HIN= -2.9922
400
~1.0000

£

PROBLEM 30- 4 PROBLEN 30- 6
g {Re10.0. el 0,600 §.(R=10.0, B=4,0, C=1.01

800
1

000.00 015.2%
1.3068
2.321

800
"
r

ab b iy,

Y

.19 7030.30 000.00 030.25
3.3831

Ty i

wi
bl i ¢ ) iy

iy
il

iy

FERTURES 1 000513 010,30
S1.99%0° M
X
o
FEATORES Y 000,137 010.30 000,00 015.26

MIN=

MIN:  -1.0000

[

PROBLEN 30- 7 PROBLEN 30-
4.0, B25.0. C=-0.81 _ . {A=3.0. e:s.o, €=2,0)

L R R

000.00 006.25
3.697M

13.9215

ﬁ.zo 000.00 006 .50
X

000.10 006.25
-1.0000 HAX=

~1.0000

EH

FERTURES: 000.09

HIN=
o0
MIN:

gFEaT

8




Tempexature distribution [5]

PROB 31

= u =~
3 vy
DOMAIN  [-1,1] x [-1,1]
BC u+uN=g
TRUE_ 2,02) /4 + 821564 + .01440 (x*-6x2y%4y?)

4 4 2.6, 8

6
+ .0000493(x8-28x y2+70x Yy =28x"y +y )

R 3‘ WWWMWW

PROBLEN 31

2

>

8
12 10 2 7
1 ~.00000064 (x~"-66x" y +495x8y4-924x6y6+495x4y8-66x2y10+y12)
= Operator: Laplace §
Right side: Constant
Boundary conditions: Mixed
Solution: Harmonic poly. expansion for homo. BC. g
= Parameter: None i
e PROB 3 Stress in helical spring [5] ]
== 3
: = f :
: uxx + u + 5 — v uy
=5 DOMAIN (-.5,.5] x [-1,1]
E BC u=20
4 TRUE (3.y9(1-4x%) (5-y>) (.0004838y + .0010185)
: Operator: Analytic

Right side: Analytic

Boundary conditions: Dirichlet, homogeneous

s Solution: Pclynomial obtained by Ritz method for a
physical problem.

Parameter: The 5 in the operator is a value of a
physical parameter.

FEATURES: 009.07 010.05 000.00 010.15

Torsion on a shaft [5]
£

PROB 33

u + u
Yy

[Oll] x ['l'l]

DOMAIN
BC
TRUE p =

tly) = l-yz. C(x) = e

A(x) = xC(x) + e qx'

Operator: Laplace
Right side: Entire
Boundary conditions:
Solution: Entire

u=g
14 + ¥133, g = 14 - V133, r = (7-g)/(rv133),
PX _e"¥* B(x) = (7-p)r/16C(x),
TRUE = t({y) [A(x) + t(y)B(x)]

i Rl

Dirichlet

PROBLENM 33

& omxz 7.282 w119

5. o

T R P TR

{y
FERTURESt 006.11 006.20 00G.1Q 006.25

PROB

u

-1

34 From infinite region problem [5]
+ u
XX

vy
[-1,1] x [-1,1]

u=g

1295776 - (x+y°)/4 - 14476 (x-6x2y2+y?) /310424

+ 429 (x3-28:8y% 4704y - 28x%y B 4y 8) /319424
Operators:

Laplace
Right side: Constant
Boundary conditions: Dirichlet
Solutinn: Harmonic polynomial expansion for
hAomogenes 13 Loundary aenditions.

AN s

DOMAIN

raram tey;

000.01  006.05
.29494

002.01
MRY.

+008.03
.0015

FERTURES
RNz -

8
3




PECREY 35- 1

g :625,3, . P .-
PROB 35 Torsion for a beam [5] —?f/’;,ﬁﬁ AN AN
a +u =0 8/_/’/ ; : A : \\ \\c{

xx vy g - // VoS
h . ,
DOMAIN  [-1,1]1 x [-1,1] — ~——— o
BC u=g for y= %1, (I4adu + au =g for x= *] ‘,ik S
TRUE 1.1786 - ,1801p + (.006)q . a6 8 \ // ;S
6 2 4 L NS
plx,y)= x4—6x2y2+y4, qx,y) = x8-28x yo+Tox’y ~28xy +y g / { §5E

Operator: Laplace, homogeneous
Right side: Z2ero
Boundary conditions:

a4 N
IS ;o e
! W

Mixed, Dirichlet for o = O.

Solution: Harmonic polynomial combination. 'Q\\ Y : f
parameter: o adjusts contribution of mixed boundary gk;\‘ oy :/ R i///;;;gé
P : 3 Y ‘L B 1—46
condition; o = 0 is the physical problem. A e ew | w mm i
SRIBLER 35- 2 8 PRIBLEN 35- 3 g faa%so; 35- 4
:.'!“4; 5 4= 3 2z £ a e S HG -1 =L 0 3 -t <8y’
A W7 Arn e BANN S/ DA
8 , —_ L B o A Ny v g ~J
e N g \ £ 8 5 i
S s \\ ] 'ft—»“/ K el d / ~—
L . *‘Eg —— = e §
K -8 R &
g. ToX R, 34 =
8, \
.87
k4
; St
: N v
T /‘*\—\igé g s

.

GXN-
2 00
g/
+
Ly

:

-

|

i

4

i

& TN
L —
K
L‘%" g

U Y

1] h T
e

i) W I

L

ol

B o N b .
< oo - &0 -.200 N 20 [=4 1.2 A o - oo -2 X 2% K . .
UROELE™ 36- 4,
pROB 36 Adapted from Problem 27 &— ""\W' & S N N
2 1 cot y ~ SN
(1+8u +——uy +————>u +——=u = £ N o . NN
xx x+ta X (x+a) vy x+a Y N \\ . W N\ \%5
DOMAIN unit square ~ N

Ve
v
v
M
4
s
000.00

8C
TRUE

u=g

(1 - EB)ex+y + Bloge(x + )

7.3891

= oo
g Ao A
/

1
3GETRO

X3

I

e
/!
S e
s
M

Possibly singular coefficients for a = O.

Operator: ;: )

Right side: Analytic except for o = 0; then singular. ; ‘\\ "ZF

Boundary conditions: Dirichlet g - . B8

Solution: Logarithmic singularity for a = O. 1 N e

parameters: « adjusts distance of singularity from l N N q_;:
domain, * adjusts relative size of exponential and - ,,_‘_@,,,-m;_m:-fz

logarithmic terms in solution. 0 = S LS
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PROB 37 From nonlinear minimal surface (1] 5 &\__ﬁ__t_:_,_____._,.a

£, A= 2, p=- - A —
Au  +Bu  +Cu =f, A= asr)?, B=-22,7 c= (1) 8

DOMAIN unit square ﬁ-i-d / :

%% ne s 2 . .,
X=- >

TRUE T(x,y) = (x - 3y)'e b

Operator: Includes cross derivative.

Right side: Entire

Boundary conditions: Dirichlet

Solution: Entire
parameter: None

k\
000,00 002U
Y, 0000

010.29
0000 MR%=

q
q

\%\
TURESY 008.07
Mik: R

gt~
.
o
.
B
B

.000

PROB 38 Electrostatics [11]
u +u =0
b24

DOMAIN {-a/2,1/21 x [0,1]
8C u=g for x=21/2,y=1; uy=g for y=0
TRUE /51 _

e cos [ (2a+l)x]sinh{(2a+1)y]/ (20+1)
Operator: Laplace, homogeneous
Right side: Zero
Boundary conditions: Mixed

Solution: Entire, may be oscillatory.
parameter: a adjusts the oscillations.

f"f’ ) ')a"'f‘ 7 ¢ ~ T
N
B

PRWLEN 36- 1
01

[
ATURES 000 09 000.00 000.20 008.25
Nz 5868 HAX= 5727

e

,
~5.8M «1.100 -.708 -.n =008 B3 o .08 1.558

. °R0BLEM 36- 2
FERTURES: 00013 000.00 00C.30. 01C.40
-5.3877 Mx:  5.5380

K. '

X i

t H

. H

: i
B ;
S Y T Y T T ~
1.67 -1.18 - : ~-.008 e ™m 1.1 1.560

> "R&EH -3

3 FERTAfS: 000.25 02000 000.60 015
Min: 25780006 Wi 248 3088
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PROB 39 From nonlinear problem (4}

u_ + [1-h(x)2w(x,v)%]/8u =
YY

xx

DOMAIN unit square

B8C u=1

TRUE unknown

Operator: Helmholtz type, homogeneous

Right side: 2Zero

Boundary conditions: Dirichlet, constant

Solution: Approximate solution w(x,y) calculated and
tabulated for 5 cases.

Parameters: h(x) = 1/x for 8 = .5,1 (Cases 1 and 2)

h(x) X 8 = .25,.5,1 (Cases 3, 4 and 5)

PROBLEM 39- 1 PROBLEY 39
1R=0, SO. HiX)=1/X} =1.00 X H(X) 17X}

01016

1.0000

A
1.0000

1.0000

A

S0
MAX

4907 HRX
M

.6037
ATURES: 005.05 010.02 000.00

A il o

MIN:z
FE|
HIN=

FEATURES: 006.23 090.10 000.00 010.2%

HIN:

gFEﬂ‘NBES: 005.22 090.10 000.00 010.20

§

sttt

g e 59. R0=eE0)

j,

PROB 40 Hadamard's examvle [17]

2
+ - =
(1+x7) uy\r yux £

it

fif

.02 000.00 010.10
1 .0000

A g LR

00, O b g b g

s D05.05
8197

.BB56

FERTURES
FERTURES: 006.05 010

MIN:
HIN.

46 ;

PROGLEM 40- 1
g (R=0.5, 8:0.8)

x
DOMAIN unit square
BC u=g for y=0or 1, au+8u =g for x=0 or 1.

TRUE  Jog  (x1)/ (1)) + o2 X4/ (2009 =2

:perator: Entire

Right side: Analytic

Boundary conditions: Mixed

S¢lution: Analytic

tarameters: & and 3 adjust the contributions *
mixed boundary condition on two sides.

(LN P
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PROB 41 - . o
u + u + =1
pled Yy
DOMAIN [0,7] * [O,7]
8C u=20 .
TRUE approxm’l‘ate solution accuracy depends on B8
x(i-x) 4 sin[(2k-1)x]cosh [ 2k-1) (y-1/2)]
2 T k=1 (2k-1) 3cosh [ (2k-1) /2]
Operator: Helmholtz

Right side: Series for function with singularities.
Boundary conditions: Dirichlet, homogeneous.
Solution: Infinite series converging like

3 . . C ok .
1/k~. The solution has derivative singularities.
Parameters: «

nearly singular. 2 is number of terms in series.

adjust u term, possibly makes operator

PROB 42 iciticior 120)
u + uyy + u

-~-u=20
XX

DOMAIN {a,8] x [0,1]
BC u, =9 =
TRUE _,/» Ve v’z . [yn(x-a)]
e sinh ry + - vy Slnt—m)—
(8~a)
Operator: Constant coefficients, homogeneous.
Right side: Zero

Boundary conditions: Neumann (but PDE solution unique)

1237

\ 18
iy o
i [1/7 &\g
LM REREY
- ‘segfs : H%“g
RN i N 'iH ol
hi [ 11]18%
i \\J il
i \ i igm
i \K\\:/\—/// I3
A £
gi\e\ JEE
o - 125 10, 2619 :.x:e:

000.00 006.04

. 002.02
HAX:

000,02
.0003

1237

Fi ERIWEE: -

MIN

bl
1

Solution: Anaiv+i., cznL nsoillats as increases. z
Parameters: (a,2) for domain, Y adjusts oscillations. a
|8

OROBLEM 42- 2 / %
- L]

(A=-1.0, B:2.0. €=2.0) { H,l g8

§_ FERTURES: 000.05 030.00 000.05 310.15 § f i ‘

FamiNz -3.2183 MAX:z  3.2163 = H AT 'M -
- THE R N A Ch

R A

£ ;gi\\\_e//f;f.f;gw

N/

A \_’/ Y §

' \\;—/__J E,

Py e

A j |8

. =2

T — =%

; e < L 1. 2.5 EXT
] PROBLEM 42- 1

8 . BiRGE, B.0.La18% .

1,000 - o 1w - % F = RS ™ mr iw - ‘g\ V ] o
PROBLE® ¥2- 3 ¥ A -
FEATIRES 505 06" 009,00 00817 it gl |\ g
all < 8 - v . Weledw S =]

_i;-;ni.w: -62.1640°  MAX: 63.3078 S

i SN
85,
i \ S2
iy \_/ |
>
2
8] 8
&
=
T
g

MIN.




PROB 43 arcificial [20]

+ u +u =0
vy X

DOMAIN fo,=1 » [0,7]
BC u=0 for x=0, v=0,7; u—uy=‘/5 sin(y+a1/4) for x==

TRUE o
e(" x)/2 sinh (V5x/2)siny
sinh{/57/2)

Operator: Constant coefficient, homogeneous.
Right side: Zero

Boundary conditions: Mixed

Solution: Entire

Parameters: None

PROB 44 From nonlinear groblem {lu]
u + u
xx

v +wa=w
DOMAIN unit square
8C u=0
TRUE unknown

Operator: Helmholtz type

Right side: Complicated

Boundary conditions: Dirichlet, homogeneous

Solution: Approximate solution given for r = r(x,y)
tabulated from a solution to the nonlinear problem:
should be u,
wix,y) = —0.2 (l-r)g-le lySr/ d+yr) ] .

parameters: u«,3, Y and 3 are physical parameters.
Four cases are given:

1. o =1.425 3=1 y=.5 §=2
2. a2 =10 3=1 y=.5 &§=2
3. o= 1.425 3 = 2 = .7 8=25
4. a =1.425 3=z = .- 5§ =2
PR0B IV we- 2 Ao B - 3
;‘-1::‘3.:. 3::_._5:.5:. 2.2 Q:q:;,-:g&:, 8:2. Iz.04. 02258

4
L

.

k]

)

Y
1,00

.27

FIEPAPD OIS S —— R

[~

R S

oxy

'§.

tRz].425. Bzl. {=.80. D=2,

000,00 NG00

REL

0.03

Y

.
1

1]

Kteat)

T 008 .04

o

-~ .
e

T —— = s e

008.02 030.03 000.00 000,00

= 133
0

Y

-

.0000

20

[P PRIV S JUTOREEY S
.

MIN

It

BFIATORESS

8
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u +u -
XX YY

DOMAIN it square
BC u=g
TRUE Unknown

Right side: Zero

tabulated from a solution

r should be u.
Parameters: a and B are

cases are given:

FRIE IR 55- 2
- B «5:1030. Bz1)

;yé

|

c
2

/

e e i et i

RES: 00B.1Y 008,03
.0000

[}
—

005.00 01

MAX

B
S

0D
o by

8
¥
”g
8
8
8

PROB 45 Nonlinear pth order reaction [20]

B-1
ar “u

Operator: Helmholtz type, homogeneous.

Boundary conditions: Dirichlet
Solution: Approximate solution given for r = r(x,y)

(,2), (1,1000) and

Y

=0

to the nonlinear problem;

physical parameters. Three

2,2).

PROBLEM 45~ 3
g (R=2, p=2)

1.

PROBLEN 46- 1
. 8:2.)

.0
b Y

000,00 010.20

1.0313

HAX

TURES: 008.05 000.00
-1.0000

el

HiN:

PROB 46

Bu
Xx YY Yy

£ | loomain (0,01 x [0,1]

TRUE Unknown
Right side: 2ero

=1 and B =2, a=4
3 10, a =8 and 3 = 2.

Magnetohydrodynamics [19]

BC u=0 for x=0,a; u=1 for y=1; u=-1 for y=0

Operator: Constant coefficients, homogeneous.

Boundary conditions: Dirichlet
Solution: Approximate solution given for 4 cases:

and 8 =2, a=4 and

I 66365 o1

mAXs | 1.0313

PRMLES 46- 4

o~ {Rz8.. 827.)

(FERTURES: 3068.28 200.00 220.00 0i5.37
iNz ~3.1728 MRXz  1.8213

CIrY
TN

.00 000.00 010,30
1.0313

HAX:

. 10,1
FEATURES: 008.07 000
1562

MIN-

YROBLEM 46- 3
AzM,. B

o,

==
———

AT AT

T I AT

2.4

)
1.903 2
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PROB 47 Artificial s
u + u = s,
XX vy L

DOMAIN unit square
8C u=g £.

TRUE .
v (xy)o‘/2 -

1,000

“ H
Operator: Laplace §. "
Right side: Variable singularities : ‘
Boundary conditicns: Dirichlet g - <

s e 0B L

Solution: Singularity of variable strength.
parameter: a adjusts singularity strength.

PROELEM W3- 2 PROSLEN 48- ;
BIRS15) R A :
Ey €

' s f H
ﬁ.-‘ 8

i H

| |

H i

i

g

A

U P

0000
.}
4.
7% % um{ ;
1.0C00
0

0
HAX:
«
!

TERTUREST Yoot27 "0

e

0000
Jn
Ao

L0000

FERTURES: 000,34

p—"

gg ] i H
i3 { z
E= = : AN - =
% ] T T =T j. ; ﬁ v Y T - : é E:e —— _ ’E‘é E—
37 00 E -~ T 130 - k. - - - 1000 .0¢ 20 0 . = = e £
§§ == e S 2
%g—_ PROB 48 Nonlinear diffusion in catalysts [2] [REshall 2t —_—— E
= ~ ~ . — T N
£ (y-1) (a8 (1-r))/{1+3(1-x)) T - — é -
ES + -1.42 u=0 LI I et - :
1 e A 8, T %
= DOMAIN unit square T BT TS0 :
EE BC u=1 A gl
TRUE Unknown ... = F AN e - s
1 Cperator: Helmholtz type, homogeneous .4 . Z B
£ Right side: Zerxo §.0 L0 EH
3 Boundary conditions: Dirichlet TN z £
3 Solution: Approximate solution given for r = r(x,y) VN~ £ £
e tabulated from a nonlinear PDE solver; r should be u=. 8. - E . £
} Parameters: (x,3,Y) are physical parameters. 5 cases : \E z z
i given: (1,.04,2), (1,.04,25), (2,.04,2), (2,.04,25) g —I———- i ok
%‘: and (2,.5,2). = = = =«  w :
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+u J)+ru +r.u ~oqu=20
vy 1 x 2y

XX

pROB 52 Nonlinear reaction (2]
r(u

unit square

DOMAIN
BC

=1

M1xed

b

Expanded from self-adjoint PDE, homogenecus.
Zero

u + u
N
Unknown

Right side:
Boundary conditions:

TRUE
Operator:

tabulated

r should be 11/(1+ 10u);

Approximate solution for r(x,y)

Solution:

from nonlinear PDE solver;
rl,r2 are finite di1ifer
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pRo B 5 3 Artificaal

Solution:
Parameters:

- PROBLEM 63- 2
 § (=100, B=P1)

u +u_ =-ou=f
XX vy
DOMAIN unit square
BC u=g
TRUE cos (By) sin (B (x-y))
Operator: Helmholtz
Right side: Entire

Boundary conditions: Dirichlet

Entire, oscillatory

o can make operator nearly singular. 8
adjusts the oscillations of the solution.

T

PROB

(l+x2)u
x
DOMAIN

TRUE B

Operator:
Analytic
Right side
Boundary c
Solution:

p=0 1if C « .02, D= e
alx.y) = 2.25x (x-A (y)) 2 (1-D) / (A () ) 41/ (1+ (By-x-4) ")

5 4 Artificial

2 2
X (1+A )uyy 2xux 16yAu - {1+ (8y-x-4)")u = £

= +
unit square A(y) 4y o

u=g
= maxIO,(3—X/A(y))3], C = max[0,x-A(y)]

B/Cif ¢ > .02

Expanded form of self-adjoint operator.

: Complicated with possible wild behavior.

onditions: Dirichlet
Wildly behaving for a possible, has

singularities for x - 4y = a or 4y” = -o.
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pROB 55 Conducting fluid in magnet:.

u + u =0
XX vy

DOMAIN fo,6] x [0,1]

BC u, =0 for x=0; u=f for x=6; Au+Bu =g for y=0,
) TRUE®  Unknown Y Cu+Duy=h for y=1
Operator: Laplace, homogeneous
Right side: Zero
Boundary conditions: Mixed and complicated:

f(y) = e;r»-g-(i“w/zsin(ny/2)/<x3
1 X < a 0 X < q
A (x) —{x x> a Blx) =0y X > o
_J1 X <a or k=1 _J9 x<uor k=
cle) = {o x> o ana k=2 0= {1 x>aand k=
3 ( .
< [¢] X< =
Glx) = {léo(La-x) 3 E) =1 aa-x 3 e
2 /a7 x>a e N n w>o and k=2
Solution: .las singularities at koundaries, widely vary-
- ing behavior.

Parameters: a, 8 are physical paramzters,

% £ different physical models. Four cases are
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DOMAIN (0,1} x [0,27] ¥
u=g
TRUE o

k=
Gauss weights w, and points z depend on a, an= (L,,.5, » 1/6,-1/10,~1/15,1/30,-1/50)
Operator: Singular coefficients, homogeneous

Right side: Constant &
Boundary conditions: Mixed %
Solution: sSeries expansion approximates electrosta-ics golution. =
Parameters: a = order of Gauss quadrature for intearal, B= no. terms in expansion.
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